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Abstract. We prove two conjectures from [DSZ21 IDSZ3] concerning the expected number 
^v^j | of critical points of random holomorphic sections of a positive line bundle. We show that, 

on average, the critical points of minimal Morse index are the most plentiful for holomor- 
phic sections of O(N) — > CP™ 1 and, in an asymptotic sense, for those of line bundles over 
fT | ■ general Kahler manifolds. We calculate the expected number of these critical points for the 

respective cases and use these to obtain growth rates and asymptotic bounds for the total 
■ expected number of critical points in these cases. This line of research was motivated by 

landscape problems in string theory and spin glasses. 
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In the series of articles |DSZll IDSZ2t IDSZ3] , the authors have been studying the statistics 
of critical points of Gaussian random holomorphic sections and their application to the 
vacuum selection problem in string theory. The purpose of this article is to prove two 
^| conjectures from these papers. 

J ■ In |DSZ2l IDSZ3] it was informally conjectured that the expected number A/^(CP m ) of 

critical points of random holomorphic sections of O(N) — > CP" 1 grows exponentially with 
the dimension. This was based on a conjectured formula for the expected number of critical 
points of minimal Morse index and the evidence from calculations in small dimensions that 
the expected number M^^ h (CF m ) of critical points of Morse index q decreased as q increased. 
In |DSZ3t Sec. 7.3] this conjectured growth rate was used as a basis for the heuristic estimate 
of the growth rate for the expected density of vacua in string/M theory. It was also noted that 
it is consistent with the analogous estimates of the growth rate of the number of metastable 
states of spin glasses [F]. In this paper we show that this conjecture is indeed true by proving 
the conjectured formula for the case q = m and verifying that the observed behavior as q 
increases holds in all dimensions. 

On more general Kahler manifolds the formula for the expected number A/j^ of critical 
points is much more difficult to evaluate. Because things simplify as the degree of the bundle 
gets large, an asymptotic expansion of A/"™^ and an integral formula for its leading coefficient 
bo were derived in |DSZ2j . The leading coefficient was shown to be universal and therefore, 
based on calculations on CP m , it was conjectured that the critical points of minimal Morse 
index were the most plentiful as iV — > oo, and upper and lower asymptotic bounds for A/Jv/t 
were estimated in Conjecture 4.4 of |DS Z2j . We are able to apply our methods to bo and work 
out a proof of this conjecture as well, with an improvement on the upper bound estimate. 
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1.1. Background. The setting for this paper is the iVth tensor power of a positive Hermitian 
line bundle (L N , h N ) — > (M m ,ujh) over a compact Kahler manifold of dimension m. Here u>h 
is the Kahler form and is given by Uh = f@/i, where 0^ = —dd log h is the curvature form 
of the metric. The connection on the bundle is taken to be the Chern connection V of h N . 
Relative to this connection, the critical points of a holomorphic section s G H°(M, L ) are 
given by Vs(z) = and the set of critical points of s will be denoted by Crit(s, h ). 

We note that in general, the critical point equation is not holomorphic and thus the 
cardinality of Crit(s, h N ) is a non-constant random variable on the space H°(M, L N ). Indeed 
we see that in a local frame e we can write s = fe and then Vs = (df — fdK) <g> cl, where 
K = — log ||e||?iv is the Kahler potential. Thus the critical point equation in the local frame 
is df — fdK = 0, which is holomorphic only when K is. 

The space H°(M, L N ) is endowed with the Gaussian measure 7^ given by 



1 2 d 
dlN{s) = — e~ l|cil dc, s = ^cjej, 



TV" 

3=1 



where dc is Lebesgue measure and {e^} is an orthonormal basis of H°(M, L ) relative to the 
inner product 



81,82) = —; h N '(si(z) , s 2 (») 



'M 

induced by h on H°(M, L ). The expected distribution of critical points of s G H°(M, L ) 
with respect to 7^ is defined to be 



-iv-crit 



H°(M,L) 



L zeCrit(s,h N ) 



d~f N (s), 



where 6 Z is the Dirac point mass at z, and the expected total number of critical points is 
then given by 



J M 



The critical points of s with respect to V are the same as those of log ||s||^jv, and therefore 
as an aid in the analysis of the statistics of the critical points we consider their Morse indices. 
Recall that the Morse index q of a critical point of a real-valued function is given by the 
number of negative eigenvalues of its Hessian. For a positive line bundle it is well-known 
that m < q < 2m |Boj . We let K™* h denote the expected distribution of critical points of 
Morse index q, and denote the expected number of these critical points. It follows 

that 

2m 2m 
q=m q=m 

We now recall the relevant results from [DSZ2]. First, we have the integral formula for 

\F crit 

J N,q,h 
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Theorem 1.1. The expected number of critical points of Morse index q for random sections 
s e H (CF m ,O(N)) is given by 



\f crit 

■ N,q,h 



mj+m+2 
2 2 



(N - l) m+1 



UT=iJ ] - (m + 2)N-2j Y2 



d\ 



x 



3 (m+2-2/Af)A„ 



for q > m 
for q = m 



for N > 2, where Y p = {A G R m : Ai > • • • > X p > > A p+1 > • • • > A m } and A(A) 
]Tj <:( (Aj — Xj) is the Vandermonde determinant. 



'crit 



Next we have the complete asymptotic expansions of K^- hV 
Kahler manifold. 



and X^l d on a general 



Theorem 1.2. For any positive Hermitian line bundle (L,h) — > (M,Uh) over any compact 
Kahler manifold with uih = §©h> the expected distribution of critical points of Morse index q 
of random sections in H°(M, L ) relative to the Hermitian Gaussian measure induced by h 
and Uh has an asymptotic expansion of the form 



-m x^crit / 



r V 
Ml, 



{b 0q + h^N- 1 + b 2q (z)N- 2 + m<q<2m, 



m\ 



where the bj q = bj q (m) are curvature invariants of order j of ' Uh- In particular, 6 g is the 
universal constant 

where 



_(m+2\ 

TX \ 2 ) 



j |det(2M* - |x| 2 /)| e -<W*UHr*)) dHdx, 



(1) 



S m ,k ■= {(H,x) E Sym(m,C) x C : mdex(2HH* - \x\ 2 I) = k} . 

Corollary 1.3. Let (L,h) — > (M, lo^) be a positive holomorphic line bundle on a compact 
Kahler manifold, with Uh = Then the expected number of critical points of Morse index 

q (m < q < 2m) of random sections in H°(M, L ) has the asymptotic expansion 



» rcrit 
J ^N,q,h 



7T m h 



Oq 



ml 



Cl (Ly 



N m + 



^ ci(M) • c 1 (L) m - 1 



_(m- 1)! 



N 



m—l 



+ 



f3 2q / p'dVoh + ^diMY-diL) 

M 



m-2 



+(3' 2 ' q c 2 (M)-c 1 (L) 



m—2 



N 



m-2 



+ 



where b 0q , (3\ q , j3 2q , (3' 2q) (3 2q are universal constants depending only on the dimension m. 



We ask the interested reader to refer to |DSZH IDSZ2t IDSZ3] for additional background 
information. 
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1.2. Results. Our first result gives the exact formula for Af^ h (CF m ) when q = m, shows 
that this number decreases as q increases, and gives an upper and lower bound for the total 
expected number A/"™^(CP m ) which holds for all iV and m. 

Theorem 1.4. Let A/J^ n * /l (CP m ) denote the expected number of critical points of Morse index 
q for random sections s G H°(C¥ m , O(N)), then 

■ A/ W° P ) ~ ( m + 2 )AT-2 ' 

^ +1 ,,(cp-)<^(cp-). 



and when N > 2 



Therefore, 



2(m + l)(JV-ir +1 rcrit^m, . 2(m + l) 2 (iV - 
(m + 2)iV - 2 < > < (m + 2)iV - 2 



In order to obtain the exact formula for N^m h(^ m ) we a PPly a modification of Selberg's 
integral formula to the integral in Theorem 11.11 The second part of the theorem then follows 
from a change of variable argument. These arguments are presented in £j2j 

From this theorem we see that A/jy 1 * h (CP m ) grows exponentially with the dimension. This 
verifies the conjectured growth rate for A/"™* h (CP m ) that was used in [DSZ31 Sec. 7.3] as 
a basis for their heuristic estimate of the growth rate for the expected density of vacua in 
string/M theory. 

The modulus of the spectral determinant shows up in the various integral formulas for 
the expected number of critical points ( [AD] . |BM] . |DSZ2j . [F]). As the modulus presents a 
serious technical challenge in evaluating the integral, it is often dropped from the calculation 
(see |AD] and [BM]), which results in counting the critical points with signs. In string 
theory this is known as computing the "supergravity index", while in spin glass theory 
there is some debate over the validity and implications of the calculation (see [AB M] and 
references therein). In our case, Morse theory tells us that the number of critical points of 
each s G H°(CP m , 0(N)) counted with signs is a topological invariant and is given by 



E = c -( T cf° ® 0(N)) 

z:S/s(z)=0 



m 



j=0 



(N-l) m+l + (-1) 
N 



where q is the Morse index of z. We see that this "index counting" provides a good estimate 
of the total expected number of critical points, giving the correct growth rate except for the 
coefficient. 

Next we turn our attention to b 0q and note that the absolute value sign in ([Tj) prevents 
the direct application of Wick methods. Therefore in §3] we utilize a variant of the Itzykson- 
Zuber formula in random matrix integrals, as was done in the simplification of the formula 
for f3 2q in [DSZ2j . to derive the following alternative formula for b Qq . 
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Theorem 1.5. In all dimensions, 

m 2 +m+2 
2 2 



boq(m)- ^rr,,,-] 



7r-(m + 2)n7 = Ti! 

e (m+2)A m j Qr y > m 

/or q = m 



■Mm-, - 1 - 



#ere Y p = {X e R m : Ai > • • • > A p > > A p+i > • • • > A m } and A(A) = Ui<j( X i ~ X j) iS 
the Vandermonde determinant. 

We see that the integral in the above theorem is almost identical to the one in Theorem 
II. 1| so we apply the methods of §2] to this formula to obtain: 



Theorem 1.6. Let n q {m) := ^bQ q {m) denote the leading coefficient in the expansion of 
^Nlh> and let n ( m ) = E!= m n ?( m ) ; 



JO ~ ri q {m) Cl {L) m iV m , ~ n{m) Cl {L) m N m . 

Then 

, . to + 1 { 2m - q \ 
timim) =2 ana n +i(m) < n a {m) , 

and hence the expected total number of critical points 

ml ~ n(m) Cl (L) m iV m 2 ^4 < n(m) < 2m + <i . 

m + 2 3 

This theorem proves Conjecture 4.4 in |DSZ2j which was made based on calculations in 
small dimensions for the leading coefficient in the CP m case. 

These results are part of the author's ongoing thesis research at the Johns Hopkins Uni- 
versity which is being advised by S. Zelditch. 



2. Proof of Theorem 11.41 



In this proof we first work out the formula for the minimal Morse index case h 



and then proceed to show that N^ l qh 



of the intermediate lemmas will be given in the subsections below. 
From Theorem 11.11 we have 



> .A/]v,?+i,h( Cpm ) for to < q < 2m. The proofs 



* rcrit 
■/V M m 



We then use 
Lemma 2.1. 



2 2 



(N 



\m+l 



ri7=ii ! (m + 2)N-2 



0<A m <---<Ai<oo 



Y[f =1 A; A(A) e~^ m =i ^ d\ = 2(to + 1) 



(2) 
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to obtain 

For the general case, we recall that 



2(m + l)(N - l) m+1 
{m + 2)N -2 



*/*crit frmmm 
JV N,q,h 



2 ^ ±1 (TV — l) m+1 



n7 =1 j! (m + 2)iV-2 7 y2 



We will show in §2.21 that: 

Lemma 2.2. For m > 1 and < p < m ; /et 



im — g 



HT=i*i A(A)e- 



(3) 



(4) 



x 



e (m+2~2/N)X m £ Qr > m 

I for q = m 



Pc, P (m) 



dX 



A(A) e" 



Em — 1 \ 
3=1 A J 



X 



3 (?71+c)Am fOT J) < C 



ni 



for p — m ' 



where Y p is as in Theorem \l.l\ Then Po jr (m) = Po jS (m) for < r, s < m, and for c > 



P CjP _i(m) < 



P 



P c , P {m). 



p + c y 

From this we see first that for iV = 2 we can apply the above lemma with p = 2m — q and 
c = to the integral in (0}. Thus A/|y^(CP m ) = Af^ h (CF m ) for m < r, s < 2m. From ([3]) 
we see that Af^ h {CF m ) = 1 and therefore 

2m 

A/^CP™) = AT 2 c f h (CP m ) = m + 1 

<y=m 

for m > 1. 

Then, when iV > 2, we apply Lemma [2.21 with p = 2m — q and c = 1 — -j| to obtain 



Therefore, 



A/^ +li/l (CP m ) < 
2(m+l)(iV- l) m+1 



2m — g 



2m - g + 1 - | 



A^;;,(cp m ). 



< jV^(CP m ) < 



2(m + 1) 2 (7V - l) m+1 



(m + 2)N-2 7V ' hV y (m + 2)N-2 

2.1. Proof of Lemma 12.11 First, we need the following well-known theorem (see [ScJ). 
Theorem 2.3 (Selberg's Integral Formula). For any positive integer n, let 

n 

$(A) ^ $(A 1; ■ ■ • , A„) = |A(A)| 27 J] - A,)' 3 - 1 . 



Then 



r(i + 7 + j7)r(« + j7)r(/3 + j 7 ) 

+ 7 )r(a + /3 + 7 (n + j-l)) 



(5) 



ASYMPTOTICS AND DIMENSIONAL DEPENDENCE OF CRITICAL POINTS 7 

when a, (3, 7 e C with Re a > 0, Re (3 > 0, Re 7 > -mm (±, ^fy, -^^j . 

As a corollary, we have a special limiting case of the above formula (see [As] ) . 
Corollary 2.4. For any positive integer n, let 

n 

$(A) = $(Ai, • ■ • , A„) = |A(A)| 27 n A r le "^- 

i=i 

THgti 

valid for complex a, 7 with Re a > 0, Re 7 > -min rfzfy^ • 

This formula is obtained by setting (3 = m and making the change of variables Xj — » ^ in 
(jSJ) and then letting m — > 00. 

In order to simplify the notation we will use P(m) to denote the integral on the LHS of 
(J2J). We see that we can rewrite this integral as 

P(m)= [ UT=x^\^)\e^^dX. 

We then note that the integrand on the RHS of the above equation is symmetric under 
permutations of A. Therefore, 



PM = - } [ n;=iA, jA(A)| e-^-^A. 



(7) 



It is easy to see that the integrals in (jSJ) and ([7j) are equal when a — 2, 7 = |, and n = m. 
Consequently, 

= ^ n - 2 ' = (•» + 1) n ^ ■ 

where the last equality follows from an application of Gauss's multiplication formula. The 
desired formula is then obtained by substituting P{m) back into (J2]). 

2.2. Proof of Lemma 12.21 In order to simplify the discussion we will examine the case 
where p = m separately from the others. In this case 

f m— 1 m 



p c ,mM= / n n (^-^) e-^^A. 

J0<\ m <-<\l<OO \ j = 1 J\ i=lj=i+1 J 

We make the change of variables 

{Ai, . . . , A m } — > <j A.j, Aj, . . . , A r 

to obtain 



i=l t=2 



„ /mm \ /m—Xm—1 j \ 

"' M + \i=i j=i J \i=i j=i k=i ' 
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Next we see that 

% m \ /m—Xm—1 j \ / ra—1 m \ /m-lm-1 j 

in> nnE^ H- [ue\ nni*. 

K i=l j=i / \ i=l j=i k=i / \ i=l j=i / \ i=l j=i k=i 

tm—1 m j 
nn5> 
i=l j=i k=i 

m m j 

=nnE^ 



and so 



i=l j=i k=i 
m m j 

p c ,mM = i i nny> i < ? ~ i,a ^a. (9) 



« / IIL III J \ 



Now we consider P c p (m) when < p < m. For these cases 



f m— 1 to 



P e,pO) 



JJ J] (A, - Aj) ) e -Er=i l Ai+(»M^)A mdAj 
i=l j=i+l 



and we make the change of variables 

{Aij . . . , A p } — > < Aj, ^ Aj, . . . , A p > , 



i=l i=2 



{A p+ i, . . . , A m } — > <| — A p+ i, — (Ap + i + A p+2 ), • • • , — Aj 

i=p+l 



to obtain 



P P \ / m i \ /p-lp-1 j 

(nE A d n e **) nnE A * 

p m j \ / m m j 



X 



n n x> n n») f >: * ,,A! >:: -- ? " :a ' /a - 

vi=l J=p+1 fe=i / \i=p+2 j=i Ai=i 



We can combine the first quantity with the third, and the second with the fifth, as we did 
in (181), and thus 



P P ] \ I m m J 

1 ' k 



*•«<•»>=/ jnnE^ nnE* 

JR + \i=l j=i k=i / \i=p+l j=i k=i 



p in J 



X 



K i=l j=p+l k=i 
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and then 



Now it is clear that 

' P P j \ / P m j \ p m j 

mn> nnEM=mn>. 

1=1 j=i k=i / \i=l j=p+l k=i / i=l j=i k=i 
p m j \ / m m j \ m m j 

mn> nin> =nin>- 

\«=1 j=i fc=i / \t=p+l j'=i fc=i / i=l j'=« fe=i 

Therefore, 

„ / m m j \ 

Pc P (m) = / IIIIZ) Afc e -E ^= liA ^ Er = p+l(i+c)A ^A. (10) 

+ \i=l j=t fc=i / 

We note that in this formula the only dependence on p is in the exponential, and we see 
from (jUJ) that this formula also holds for the p = m case as well. 

When c = 0, the formula does not depend on p at all, so we see that P 0tr (m) = P s (m) 
for < r, s < m. 

Next we let c > and rewrite (fT0"|) as follows, 



p c,p{™) 



j X(A 1 ,...,A m ) (flx)e-^U^^ P+ ^^dX, 

+ Vi=i / 



where 

m m j 

x(A 1; ...,A m )=n n ^A fc . 

i=l j=i+l k=i 

Then we make the change of variable A p — » -r^A p in the formula for -P c , P -i to obtain 



p+c 

2 



( 7 ) / 2T(Ai, • • • ) db-V • • • > -^m) 

\P+Cj Urn P +C 
f m \ 



v»=l 

\p + C/ 

3. Proof of Theorem 11.51 

We begin with an intermediate lemma. This formula follows with only slight modifications 
from the derivation given in |DSZ2t Sec. 6.3] of a similar formula for the constant {5i q . For 
the sake of completeness we present the entire proof below. 

Lemma 3.1. 

f_j\m{m-X)/2 



b 0q (m) 



f f f A(A)A(Onr=il^|e^ ^ 
x ■■■ . J - dfi • • ■ d^ m dX 

Jy >-« Jr j * (i - 1 Ei &) rw [1 + f & + &)] 
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Here, A (A) and l^m-g are as i> n Theorem 11.51 and the iterated d£j integrals are defined in 
the distribution sense. 

Proof. First, we let 



T ££ , = J n ff f |det(2F)| e m,P-HH* + i\ x fi) 

lH m Jn m (m-q) </Sym(m,C)xC 



x e -™H*-\*\\-eTrZS*-e>TrPP* dHdxd p dEj (n) 



where 7i m is the space ofmxm Hermitian matrices, 7i m {m — q) = {P G 7i m '■ index P = m — 
q}, and d m = dirric(Sym(m, C) x C) = |(m 2 + m + 2). We note that absolute convergence in 
the above integral is guaranteed by the Gaussian factors in each of the variables (H, x, P, 5). 
Then we have that 

M™) = nm I™ hmZ £ , e , . (12) 

To verify this, first evaluate J e t (^ p ~ HH *+¥ x \ 2 ) e' 61 - 1 ^* dE to obtain a dual Gaussian, which 
approximates the delta function 5 HH *_i \ x \-i(P). As e — > 0, the integral then yields the 

integrand at P = HH* — ||x| 2 /; then we let e' — > to obtain the original integral. 

Next we conjugate F to a diagonal matrix .D(A) with A = (Ai, . . . , A m ) by an element 
h G U(m). We recall that 



f <KP) dP = c' m [ [ 4>(hD(X)h*)A(X) 2 dhd\, 4=^-L, (13) 

JW m JR m JV(m) llj=lJ- 

where dh is unit mass Haar measure on U(m) (see for example [ZZl (1.9)]), and use this to 
obtain 

om J r r r f m 

^ = ^sr L . .. ... L . _ .^nw™"* 



m ^U(m) J-H m Jy 2 ' m _ q JSym(m,C)xC J=1 

x e i( Slh D(A)fc'+i|x|»/-HH-) e -[ t ^a*+ e 'EA?] dHdxdXd-dh. 

Here denotes the set of points in M. m with exactly p coordinates positive. Again using 
(fT3l) applied this time to H, we obtain 

Om(„l \2 f f f f f 171 

x,,. = [I «nw 

" JU(m) JU(m) ^R m Jy 2 ' m _ 9 ^Sym(m,C)xC - =1 

x e i{9D(C)9*,^(A)/ l * + i|^| 2 /- J f/^*> 
x e -TrHH*-\^- W ]+e'Xp dHdxdX ^ dhdg 

We then transfer the conjugation by g to the right side of the (, ) in the first exponent and 
make the change of variables h i— > g/i, i— > gHg 1 to eliminate g from the integrand: 

^ = I I I I A(A) 2 A(0 2 f[|A;| 

71-771 JU(m) </R m JYim-q ^Sym(m,C)xC - =1 
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Next we recognize the integral f v , m s e t( - D ^' hD ^ h *^dh as the well-known Itzykson-Zuber- 
Harish- Chandra integral [Ha] (cf., |ZZ] ) : 



We substitute (1 14ft into the above integral and expand 

det[e^ Xk ] jk = ^ (-1)- e ^' CT(A)) 



det\e iX ^ k 



j h 



A(A)A(0 



(14) 



ires',, 



obtaining a sum of ml integrals. However, by making the change of variables cr(A) — > A' and 
noting that A(A') = (— 1)°A(A), we see that the integrals of all these terms are equal, and 
so we obtain 



r 

■\m(m-l)/2 m 

) A 



Yim- q ^Sym(m,C)xC 



A(A)A(OlIl A i 



.1 e i(^0 



x exp (i (D(£), \\x\ 2 I — HH*) — TiHH* 
x exp (— e £■ — e' ^2 A 2 ) dH dx dX d£ , 



-\x\ 2 ) 



where 



The phase 



2"T. 2 _.m(m— 1) 



$(H,x;£) := i( D(£),-\x\ 2 I - HH* ) -TiHH* - |x| 



i,fc=i 



X 



where 



H 



jk 



V2Hjk for j < k 
H jk for j = k 



Thus, 



X 



„ „ m 

/ / A(A) A(0 TT|A,| e !W) I(A,Oe" £E ^ £ ' E ^^A 



(15) 
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where 



J(A,0 = 4- / / e^ H ' x ^dHdx 

7T m JC JSym( m ,C) 



7T 



To evaluate lim e e /^ 0+ X £je /, we first observe that the map 

is a continuous map from [0, +oo) m to the tempered distributions. In addition, since the 
integrand in (|15j) is invariant under identical simultaneous permutations of the £j and the 
Xj, it follows that the integral equals m\ times the corresponding integral over Y m -k- Hence, 
by ffl2l) and (1151) . we have 



/_^\ro(m-l)/2 /• 

^oo( m ) — ^rn — hm lim / dA 



Im — q 



x 



/ A(A) A(0 J] W e iM I(A,Oe- E ^- £ ' E ^( 



:r- 

Letting E\ —>■ 0, . . . , e m — > 0, e' — > sequentially, produces the desired result. □ 

3.1. Evaluating the inner integral. The last step is to evaluate the inner integral. We 
begin by writing 

(_j\m(m— 1)/2 p m 

M m > = iJn-i » L IIW^ 1 ^. < 16 > 

where 

A(0 e*^ d£ 



1, 



In order to simplify the formula, we make the change of variables £j — ► tj + i to obtain 

o 

J A = — (— 2i) — = — e~ ^ J X A , m+2 , 

where 

x = / A(t) et<A,<) dt 

<k<m 

Putting this together we have 



2 1 m 2 +m + 2 



bo q (m) = 1 ^-Fr^M / dX IIl^l A(A)e"S^ j A>m+2 . (17) 

^ llj=l J" JY 2m -q j = l 

Now we need the following lemma from [DSZ2] where the authors evaluated the integral 
using iterated residues to derive the result. 



ASYMPTOTICS AND DIMENSIONAL DEPENDENCE OF CRITICAL POINTS 

Lemma 3.2. LetO<p<m and let c > 0. Then for 

Ai > ■ • ■ > X p > > Ap + i > • ■ ■ > A m , 

we have 
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A(t) e'< A >*> 



-i) r 



<j<k<m 

(tj + t k ) 



alt 




for p < m 
for p = m 



By setting p = 2m — q and c = m + 2 in the above lemma and substituting this formula into 
(TT71) we obtain the desired result. 



4. Proof of Theorem 11.61 



From Theorem 11.51 and the definition of n q we obtain 



mf+m+2 
2 2 



(™+2)rr=ii ! Jy, 



olX 



i=i 



A(A) e 



g(m+2)A m ^ ^ 



//I 



I for q = m 

When q = m, we can apply Lemma T2. II directly to the above integral and simplify to obtain 



n m (m) = 2 



m + 1 



(19) 



m + 2 

For m < q < 2m, we can apply Lemma 12.21 with p = 2m — q and c = 1 to the integral in 
ffl8]) and therefore 

2 



n„ + i(m) < 



2m — q 
2m — q + 1 



n q (m). 



(20) 



By definition n(m) = £g= m H 9 (m), thus it follows from ( 1191) and ( 1201) that 



-. 2m-l i 

m + 1 m + 1 \ t-i- 
n{m) < 2— + 2—^ j] 



2m — j 

m + 2 ' m + 2 ^— ' A A V 2m — 7 + 1 

2m- 1 /„ .\ 2 N 

2m — i 



m + 2 i z - ' 



m + 1 



m + 1 / m(2m + 1) 
m + 2 V. 6(m+ 1) 
2m + 3 
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